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Confidence Bands in Straight Line Regression

by

A. V. Gafarian1

ABSTRACT

This paper develops a method for obtaining confidence bands in polynomial

regression when the observations are independently distributed with constant but

unknown variance. The bands may be obtained, in principle, over arbitrary sets

of the independent variable with exact preassigned confidence coefficients. In

general, difficult distribution problems result when specific applications are

attempted. The major portion of this paper is concerned with first degree

polynomials since some progress has been made here. A table is provided to

obtain a constant width confidence band which contains the true but unknown

straight regression line for values of the independent variable in some arbitrarily

selected interval with an exact preassigned confidence coefficient. The present

method is compared with the classical hyperbolic band for the whole regression

line.

1 The author wishes to express his indebtedness to Mr. Vance A. Griffitts who

did all the programming for the table.
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1. INTRODUCTION AND SUMMARY

The basic problem considered in this paper is the following. Suppose for

every te(-o,-), Yt is a normal random variable with unknown variance a2 and mean

value mt given by a polynomial of known degree r > 1 and unknown coefficients.

Let I be a subset of interest in (-oooo). Based on mutually independent obser-

vations it is desired to construct simultaneous confidence intervals for mt.

tel, with preassigned probability 1-a. It should be pointed out that the

material discussed here is close to methods called "multiple comparisons" in

other contexts.

A well known result occurs when the set I contains only one point, Graybill

[1, pp. 121-122]. It must be emphasized that if intervals are computed by that

technique for every t, no confidence statement may be made about the resulting

band (a hyperbola for r-1) containing the unknown regression line, i.e., that

method does not provide simultaneous coverage of the ordinates of the regression

line. Less known is the work of Working and Hotelling [21 in which a hyperbolic

confidence band is obtained for the whole regression line when it is assumed

the variance is known. The method is easily extended to the unknown variance

case and provides a hyperbolic band valid for the whole regression line, ScheffS

[3, pp. 52,53]. Hoel [4] extends the method of Working and Hotelling for the

straight line regression in such a way as to make it possible to find an

optimum confidence band. The optimum band is defined to be that band of an

admissible class of bands such that its expected total area is a minimum. Also,

in (4] the case of polynomial regression of degree two or higher is considered

and a procedure. similar to the first degree case is outlined. However, in these

cases the confidence bands possess confidence coefficients > i - M.
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The present study was undertaken to extend some of the results described

above. Ordinarily an experimenter is not interested in coverage of the whole

regression curve. On the contrary, interest lies in only a bounded interval

or even a finite set of points. The restriction of the above described bands

to bounded sets of interest yield confidence coefficients > 1 - a (even in the

first degree case). A method for providing a band that is valid only for the

set of interest may yield a more efficient band. Secondly, it would be

desirable to maintain a uniform degree of accuracy over the set of interest,

i.e., the width of the band is the same for all values of the independent

variable t in the set of interest.

This paper develops a general method for obtaining confidence bands of

arbitrary shape and over any arbitrary subset of the line when the observations

are independently normally distributed. The shape is arbitrary in the sense

that if w is any positive function defined over the subset I of interest in

(-•co3), then the width of the band for tel is proportional to w(t). Thus, by

selecting w(t) - 1, tel, the resulting band has the same width for every tel.

In general, difficult distribution problems result when specific applica-

tions are attempted. The major portion of this paper is concerned with first

degree polynomials since some progress has been made here. A table is provided

to obtain a confidence band which contains the true regression line for values

of the independent variable in an arbitrarily selected interval of interest

[ab] with an exact confidence coefficient. The band has the same width for

all values te[a~b]. The table is constructed for use in the following situa-

tion: (1) The sample size n is even; (2) If observations are made at the values
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- 1 n a+b
tit 2 ,...,tn of the independent variable then t = E itn - . Defining

[A,B] as the interval in which observations are permissible a best solution

A+B a+b
obtains if in addition (3) "i- 2-"- , i.e., the observation interval [A,B]

is symmetrically located with respect to the interval of interest [ab]; (4)

(2) is realized by making half the observations at A and half at B. The

solution is best in the sense that for a given n, (B-A)/(b-a), and probability

of coverage this particular experimental configuration achieves the smallest

bandwidth.

The important feature of the band provided by the present method is that

it is uniformly wide over [a,b]. In order to get some idea of its efficiency

it was compared to the band that arises by merely considering the restriction

of the hyperbolic one to the interval [a,b], though in this case the probability

of coverage is no longer 1-a but > I - Mr The comparison was made in terms of

the areas of the bands. To be more specific for a given n, (B-A)/(b-a), and

probability of coverage, the best band (i.e., minimum area) was computed by

the present method. The experimental configuration to achieve this also

provides the minimum area over [a,b] for the hyperbolic band. The ratio of

the two areas was then considered as a measure of the efficiency. Roughly,

the result is that for (B-A)/(b-a) > 3/2 the present method is more efficient

and for (B-A)/(b-a) < 3/2 the restriction of the hyperbolic band to [a,b]

yields smaller areas. More specific calculations will be presented in a later

section of the paper.
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2. GENERAL TECHNIQUE

Suppose that for every tE(-WCO),Yt is a normal random variable with unknown

variance (72 and expectation given by a polynomial Po + tit + ... + Prtr of

unknown coefficients and known degree r. Let IC (-o,-) be the set of interest.

For preassigned confidence coefficient 1-a and positive function w defined on I

it is desired to obtain simultaneous confidence intervals for E[Y t] - mt., t•:

such that the length of the interval for each tel is proportional to w(t).

Suppose independent observations are made at the time points t 1 lt 2 ,..*tn

where the number of distinct observation points is > r + 1 and the number of

observations is > r + 1 (this ensures that a may be estimated since only r + 1

distinct points are needed for the estimability of the linear parameters). Let

-. (00 a, ft r denote the vector of least squares estimates for

P, - (Po l Or given by

where

10t1  t 2. tlr

2 r
1 t2  t2 ... t2

Tm 1 t2 ~ 2

t2 tr
t n n ." n

and Y' - (yl y2 ... y) is the vector of observations at the points t Vt 2,...,tn.
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Denote by

the independent unbiased estimator of 2 based on n-r-l degrees of freedom. Let

rA j
t be the best linear estimate of mt given by E 1o ti. From the-function
t j- J=F

A t " m t

w(t)e

and for any pair of numbers (81,52) with 51 < b2 let

V(51,5 2) = :5< te<}

in the space of the random vector whose distribution is parameter free

and calculable [5]. These are sufficient conditions to obtain

At 2 W(t)e -t 1w(t)&], teT ,

as simultaneous confidence intervals of confidence coefficient P[V(5 1,5 2)]

[6]. The width of the band for any teI is (52-51) w(t)S.

To insure the existence of at least one pair (51,82) to acquire the

probability 1-a, an additional restriction must be imposed on the function w.

The set V(5 1 ,5 2 ) may be written as

n B : 581< - <5teI w(t) 2
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Since

t ( t t r.

it follows that each set in the above intersection consists of the points between

two parallel hyperplanes which are perpendicular to (1 t ... tr )' and are at

distances (w(t)1821)/(j M tlj)1/2 and (w(t) 1,il)/( r j 1tj)l/2 from the origin.j o i/2

Hence, if there exist constants m > 0 and M > 0 such that m < w(t)/(jE0 Itli)l/2 < M

for tel then and only then does there exist a pair (U1,cz2) (actually many pairs)

such that the required probability is attained.

It is conjectured that optimum confidence intervals are obtained whenever

52 is taken > 0 and 61 - -52. The optimum is in the sense that for a given con-

fidence coefficient 1-a the difference b2-51, and hence the length of the con-

fidence intervals, will be minimized. This conjecture is based on: (1) The

fact that the density function for the random vector is constant on con-

centric (r+l) - dimensional ellipsoids with center at origin and decreases

monotonely with distance from the origin, and (2) The set V(aI,cz2) in this

situation is symmetrical with respect to the origin and probably has a maximum

volume for any fixed difference B2-51.

It should be emphasized again that the real difficulty here is the calcula-

tion of 51 and 52 to achieve probability 1-a when any specific applications are

attempted. Progress has been made for the case r-l, I an interval, and w(t) - 1

for tel, i.e., a band which has the same width over the interval of interest.

The major portion of the remainder of the paper is devoted to this problem.0
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However, for some special examples the general case specializes properly to well

known results. E.g., if I is a single point only, say to0 W(to) 10 81 2-

and 82 > 0, it can be shown that

S t ((l t ... tr)(T'T)' l(1 to ... tor) 11/252 a 0t0

i;n-r-1

where t is the upper a/2 point of a t-variable with n-r-l degrees of*
2n-r-1

freedom, so that

j=Eo 2 j=oj jot + 52

(1, p. 1223. Similarly, consider the set of all linear combinations

3oU0 + .. + + rur: (u0 u 1  u r)E E r+l). Setting 51 - 2 and 82 > 0 and

defining w for any (u° u ... Ur) to equal

[(uo u1 ... ur)(T'T) 1(uo u 1 . ur)Il/2

gives that

52 - (r+l) Fa;r+l, n-r-l 1

where Fa;r+l, n-r-l is the upper a point of a F-variable with r+l and n-r-l

degrees of freedom. This then gives

PC rF[IjoE0 jU - #•OljujI _ (r+l) F,;r+l, n-r-l

S-l /2^.
X((u ou 1 . u) (T'T) -(u ou 1 *.. u d') a.:(u oi u r)GE r1I -1-
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[6]. An infinite subset of the above intervals is then a confidence band of

confidence coefficient > 1 - a for the mean curve. For r-1 this gives a band

for the whole line with exact confidence coefficient i-cx A little calculation

shows this to be the hyperbolic band referred to in Section 1.

3. STRAIGHT LINE REGRESSION

This section contains the analysis in detail of the straight line regression

case. For convenience the regression line is written in the form

mt Po + p1 (t-t)

wee I n

where n Ei1ti n > 2. The ti's are observation points such that at least

two are distinct. The observation at ti is denoted by yi" It is supposed that I
observations may be made only in an interval [AB] and that a uniformly wide con-

fidence band is required for the interval [ab], i.e., w(t) = 1 for tc[ab].

Proceeding as outlined in Section 2, form the function

Po 0 " P1 -
- + ^ (t-t),

where

Po "n i R Yi,

•I m i-l~ti'ti

n -2i_•l(t 't)y

E (t, 2

2 n -2_.L E[yi-0o-0l(ti't) ]
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are stochastically independent. Determine for 8 > 0

Po -0o-o P
"V^6-5<<+ A (t^ ) < b,tE[a,b]

or equivalently the image V'(-5,8) of V(-5,5) in the plane of t-variables of n-2

degrees of freedom

u'n , v = %-ns 1

where

2 1 n -2
s £(t-t)

The resulting set is a parallelogram and is shown in Fig. 1. The density func-

tiong of (uv) is given

V

• •,X•.._ss T- °÷•
~b-a S' )

-V- 6,,) f
ar

Figure 1
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by

g(u,v) +• l+ -2 +v2]

From symmetry of the density function we need to consider only the probability

of the triangle T(-bb) in the upper half plane.

An examination of Fig. 1 illustrates the fact that for a fixed [ab], (AB], 6,

and n, different values of t and s result in different confidence coefficients.

The problem of maximizing the confidence coefficient is now investigated.

For a given t the claim is that the confidence coefficient is maximized

when the variance of the observation points is maximized. For t such that the

apex of the triangle is in [- fnb, ýTnb], this is clear from the fact that if

82 > s2 are the variances of two configurations with corresponding triangles
2 1

T2 (-5,5) and TI(-bb) respectively, then T2 (-5,6) DT 1 (-8,b). If t is such

that the apex of T(-8,5) lies in the complement of [- fn8, \Fn8l, it is not

patently clear that the probability increases with s. That this, however, is

the case is shown as follows. Let h(Q,1 ) = P[T(-5,5)], where • and r are the

u and v coordinates of the apex. Then

~ cz2(~,r2 22-
h(,) fdv f du • [1 + u vj 2

hQ~n) - v_(u, )

where

alQO - +v•n + v - fn.

v- -+ bn 6
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Hence

2n h = (I - 12) + 2 fn5 (I 1 + Y2),

where

U2 Q__+

1 = f dv v 1 + 1 n-2

0
12= dv v I + n-2

But II > 12 for > 0 since

1- 2 r 4>Q since

a2Qq = Y] ý 0 >, <

Thus for 0 > 0 (and by symmetry for • < 0)

27 • h(Q,q) > 0

This proves that for a given t. A < t < B, the variance of the n observation

points must be maximized. Intuitively, this is what one would expect.

It can be shown (Appendix) that for any 7, A < T < B, the corresponding

maximum s2 which may be attained by the observation points (t lt 2 ,... tn) is

(B-A)2 f2 (r), where

f2 k + (nT-k)2 2 k k+l
n -n

and
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t-AS= B-'-A

The configuration of observation points to obtain this maximum occurs with k ti's

at B, 1 ti at n(T-A) - k(B-A) + A, and n - (k+l) tits at A. Thus for a fixed

t, the maximum confidence coefficient for the band of width 25o is achieved when

the coordinates of the apex are

u 2 4 nbl(¶-e) ,

v = 2n5I f(T) ,

where

B-A
b-a'

and

a+b
2 B-A

Plots of the loci of the apex are shown in Figures 2 and 3 for an even and an

odd sample size respectively. Each section of the curve corresponds to the range

k -A <k+1

n - B-A - n k l... .

I
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VU

U

Figure 3

VI
Duetoth smmtryofth pobem itma awas e ssuedthtn=7e

i~.,th idoitofth ntrvl[ab]isawas oth lf o temipon

1F

ofe toB thensmevery ef th problem, [it mand alaysbae thesamed tidpint The
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1
contours are symmetrical with respect to the v-axis. For e < I , the contours

are shifted to the right by the amount 2Tn5 ( - e).

The problem of choosing the best t for a fixed [A,B], [a,b] n, and b is now

considered. The best t is defined as the one that yields the maximum confidence

coefficient when its corresponding maximum variance configuration is used (or

equivalently minimizes 5 for a given confidence coefficient i-a, [A,B], [a,b],

and n). Intuitively one would expect the best t to be the one whose correspond-

ing maximum variance configuration possesses the highest possible variance of the

observation points. This has been proved for the following situations:

l~n-2, 1
1. n even and > 6, <(n-•) K e < . First it is shown that the maximum

confidence coefficient must be attained for someepoint on the apex-contour-curve

between the first peak to the left of the v-axis and the highest peak to the right 4
of the v-axis. This follows from the fact that h h(Q,) > 0, and that

21M h(Q,n) = 12 - 1 0, 0 >0.

This last equation merely states that the probability in the triangle decreases

as its apex moves away from the v-axis along a horizontal line. Next observe

that each section has an axis of symmetry for a distance (which may be 0, such

as for the first and last sections) on either side of a vertical which passes

through the point having a horizontal tangent (see the arc AB, k=l, in Fig. 2).

Hence if the v-axis intersects apy section to the right of the axis of symmetry,

the maximum probability of a triangle whose apex lies anywhere on the section

occurs when the apex is at or to the right of the v-axis. This is the situation

II



17 April 1963 17 SP-1181/000/00
4

l n-2. 1
(see Fig. 2) when j(n-) < e < 1 , which means that the v-axis intersects the

first section somewhere on the arc CE.

Now as the apex moves from the v-axis toward the peak, the probability in

the triangle, which is one half the confidence coefficient, increases. This
t -A

follows by writing the confidence coefficient as a function of. - = • in the

iterated integral

CP() v2(1 ) n
P[V'(-5,5)] = 2 dv du + v

0 V1

where

= 21(T-e) + I 1 nVI(T) 21f(T) v -n ,

2A(r-e) - i1 Jn

2( 2f() r)

and

cp(T) =2ý-nSif(T)•

Differentiating with respect to T gives

22 n e + k k
21rif P[V'(-5,8)] = 2 r((n-l)e-k) +n(1 + -)-k 2

f(r) n n e -l(-)+f'(r)(Jl+J)

where

+(O 2 v2  n

f dv v I 2n-2

"o+ n-
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•(P- 2 .r

J2= dv v [1 + v2(T)n+ V]

As the apex moves from the v-axis toward the peak (along arc DE on Fig. 2), 7

1 n f
varies from e to i k = - - 1, f'(T) > 0, and J J " 0. But for n=6,8,10,...

the coefficient of J - J is < 0 along the arc DE and hence L P[V'(-5E,)] > 0.

This means that the maximum confidence coefficient is attained when the apex of

the triangle is at the point E.

n-I 1

2. n odd and> 3, n-- < e < . In this case the v-axis lies somewhere

on arc EG, say F, Fig. 3. The maximum probability is then on arc EF. As the

apex moves from E to F, T varies from n-i to e, k f -1-, '() < 0, and J2 - l ý:O.
2n 2=j- J2  J>.

But the coefficient of J2 " is < 0 along EG and hence 7 P[V'(-5,F)] < 0. Thus

the maximum confidence coefficient occurs when the apex of the triangle is at E.

n-3 n-I
3. n odd and > 7, n-3 < e < -n . Now the v-axis would lie on CE, say

- 2(n-1) - - 2n

D, in Fig. 3, and the maximum probability would lie somewhere on arc DE. As the
n-I n-3

apex moves from D to E, T varies from e to - , k = -n f2(T) > 0, and J - J
2n 2 2

< 0. But the coefficient of J- J is < 0 along DE and P[V (-6,6)] > 0, i.e.,

the maximum confidence coefficient occurs at E.

4. TABLE

From the above it is seen that in general, the maximum confidence coefficient

a+b - A
B-A 2

for a band of width 25a depends on the parameters i = a e = B-A , and n.

Hence, a table which could handle all possible experimental situations would 4
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have to contain the value of the confidence coefficient for a range of values of

the parameters 5, 2, e, and n. This seemed too extensive an undertaking at this

time.

The table presented in this paper is constructed for use in the following

situation:

(i) n even, specifically, n = 4(2)20(10)30(20)50, .

-2 a =+b a~bA+B

(2) t = , so that an optimum solution is possible only if _b A. 2
2 2

Hence the problem is essentially to compute the integral of the function

g(uv) = i + u v

over the triangle shown in Fig. 4.

V

- - 3 _ __ __

IV6

Figure 4
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The table consists of 13 pages. At the top of each page are listed two values

of a number c = I(. 1)2(.2)3(.4)5(1)6(2)10(10)20, o. When the maximum variance
n n

configuration is used, i.e., E observations at A and - observations at B,2 2
c -- , I. If any other configuration of observation points is used, still

m a+b 2smaintaining t = -, then c = - where s is the variance of the observation

points. For each value of c, the confidence coefficient is computed for all

combinations of n = 4(2)20(10)30(20)50, -" and d ='fnb = 1(.05)2.5(.1)4(.2)5(.5)

7(1)10(5)20(10)50. The confidence coefficient is entered into the body of

the table without a decimal point. Each entry is correct to 3 significant

figures and a blank space corresponds to a rounding off to 1.

It should be noted that the table is not restricted to those values of

c > 1. Because of the symmetry of the density function g, it follows that for

any c < 1, the table with heading I/c may be used. In this case the values in

the column d =-4 nb must be multiplied by i/c.

This table was computed using an expression derived by a technique similar

to that of Dunnett and Sobel [5]. The confidence coefficient 1-u may be written

as

t/2 r(O) n
1 n-_n-2 do rdp(l+p'2) 2~(l-cz) = d

27 o *ý 0

+ tan- c2 an"n

4 I t dp[l + k2  csc2 C 2
4 21c tan- Ic

The table is composed of computer print-out and thus the letters c,n, and d
appear as capitals. 4
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where

2 u v n sin
,o = n +-- ; + -2 = Q sin(O+*) '

-1 v
9= tan --

-1
= tan c

k 2 52 c 2 n2

(n-2)(l+c

2s
C b-a

Define _• -1
+ tan c

' 14 do[l + k2 csc 2] 2

T tan c

and consider
S+ tan- ic

i dc[l + k2 csc2(] 2 k2 csc2 .

Qn Qn = 21c I
2 2 tan c

Making use of the change of variable

I

y 1 +(i +7)tan 2

it is seen after some calculation that
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-I(n-3)
k(l+k 2 2

M fB -I(n-3) + B [I I(n-3)Qn i Qn f 47( f,(ck)[71 2 f 2 (ck),212

where

fl(ck) -

1 + (l + k 2ý 2

f 2 (ck) - I

+ + I :ý) -L2
k c

z

and B z (pq] -10 t P-1(1_t)q-ldt is the incomplete beta function.

Now for the case that n is odd and > 3

1-a - 1 - 4Qn
Y

M 1-4[(On - Qn 1 ) + (Qn I - Qn 2 ) + + (Q5 - Q3) + Q31

2 T -i 7

But

sin- + sin- c
ý3 2 7c 41+(,+nb2)c2 1+ ( 1+n 5 2 ) c 2
2

so that finally, in terms of the incomplete beta function ratio I z (pq]

B z (pq]/B 11pq],
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i.• . F [sin- 1 2 + sin -i cit ,/+(1+,n21 cl +( .721

y(n-3)

+ [ 2k 4j- 1r(1-l)Z12  1 i + 1 F ,1 ý 1
j=l ( 1+k2) J( 2 jl) fI(ck) f 2(ck)L2

(J)

n-5,7,9,...

2 [sin-1 1 + sin-1 c n3- I - • w,+(l+n52)c2 -11+(lq~n52)c2 =

The formula

z 2½,J) -F 4-Z 1 (2i (.i

i=o 41(ii)

is used for calculating the incomplete beta function ratios in (1).

For n even and > 4

1-a = 1-4 Qn

-1-4[(n Qn - -+ (Qn Qn )+... + (Q2 -Q) + Q1 1]
2 2 2

1
But Q , Hence after some calculation

n1
2

1- 21-2)1(f~k)~i~ + 1f 1 k)2J-1] '(2)

J=l (1+k 2 ) [(j-l)1]2 4jil

n-4, 6,8...
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The formula

J-2
I tan + Z z(i-z) 1 4 i l)2( lz'i

S-+C 2 it (+l) l2L
i-0

is used for evaluating the incomplete beta function ratios appearing in (2).

The actual computations were performed on a Philco 2000 digital computer

using equations (I) and (2). For n < 50, which is the range of finite n in the

table, an error analysis showed that the resulting probabilities could be off at

most by seven digits in the 7th place. To reduce the size of the table, however,

these were rounded off to three figures. This should be sufficient for most

applications.

Now 12 2
1(u + v2)

lim g(uv) = -, (3)

which is the uncorrelated bivariate normal distribution with zero means and unit

variances. To make the calculation for n-, which amounts to the integral of

(3) over the triangle of Fig. 4, a method outlined by Owen [7] was used. For

1< c < w this gives

1-a - l-4(E+F)

where

E T ( ),
(XI
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6

1 f I i 1F 7 ILG(x)+G(y)JI - LG(x)G(y) + <Y, ) J

c (86 J-n)

Sc 2 (8 %In)

T(h,,z) - (tan- z-cjz2j+1)

J=0

Cj (i jil [I..: I(
i-o

x 12

G(x) - 1 f e 2 d•

O00

For c-, E-O and

F - -(1-G(x)]2

where

x = (Nrn)

These again were performed on the Philco 2000 and the computations were such

that the resulting confidence coefficients are correct to three significant

figures.

One additional observation is that, as c-o for a fixed 6-n, the confidence
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coefficient is the area of the function g over an infinite strip parallel to the

v-axis. Hence, the values in the table with c- could have been obtained from a

t-table. Each column corresponds to a t-variable whose degrees of freedom is

two less than the sample size heading.

5. EFFICIENCY

In Scheffe [3, pp. 52, 531, it is seen that a 1-a confidence band for the

true line consists of all points (ty) satisfying

-2-- a;2,n-2 ns2

This gives a band about the fitted line, bounded by the two branches of a 4
hyperbola. In order to use this for comparison purposes with the method of

this paper, it is restricted to just the interval [ab]. The confidence co-

efficient of this band is, of course, no longer 1-a but > l-cz

The area A1 of the hyperbolic band over the interval [alb] is given by

b 1

-ta7 b 22

It is clear that this area is minimized when t - 2 and s is maximized. Thus
al-b A+B s2nn

if -a-- _ i-& s is maximized for n even when - observations are at A and -22 2
2 1 2 Tuobservations are at B. In this case s W (B-A)

II
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I

A, = 0c(b-a)c 2 F ; 2 ,n. 2  [i+k dg

n 0

1+ +
- 0+(b-a) 2F 1 +A) 2 +c log ]

n

where c B-A The area A of our band is 25g(b-a). Hence, the ratio A /Ab-a 2 12'

which will be referred to as the efficiency of our method, is given by

1
A 1  2Fa, 2, -2  (1  1 -~' 2 + 2I~

A2  (+ c! + log + (4)

Eq. (4) is valid for any 0 < c < •. It was noted in Section 4 that lim(B fn) -

t .But
i;n-2

lim c log I= .
c.•W c

Hence

A41

urA _ 2Fn-2 (5)

i;n-2

The symmetry of the function g means that lim c5 'n - t Also
C •O •p n -2

lim c2 log 0
c-Po c

Hence

0
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Al 1 4 2F Qn-2

lim - 0 _ (6)
c• A2  2 t n

Eqs. (4), (5), and (6) summarize the results of this section. Fig. 5 is a

graph of the efficiency, for each of three values of n, as a function of c. The

confidence coefficient selected is .95.

4

0t
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APPENDIX

Let (zlZ 2,... 2 zn) be n points in the unit interval [011]. For a fixed

in"Z • Z in [0,1] the problem is to maximize

2 .n -T2 n 2 -2ns2- il(Z- 1 izi - nz

The claim is that, to maximize set each zi equal to 0 or to 1, except for onm,
n

keeping Elzi - nz . For suppose, without loss of generality, 0 < z 1 _< z 2 < 1.

Then there exists 5 > 0 such that

0 < z 1 -5< 1

0<z2+8<1,

and

z.)2 +z+)2 2 2 2 2 2
(z1-8) 2 + (z2 5) 2- z2+z 2+22 + 26(z 2 -z 1 ) > z1 +z2 ,

2i.e., ns may be increased. The actual configuration for any z such that

k T < k_'1 k-O,1....,n-l is k zzIs at 1, 1 z at nz-k, and n-(k+l) z Is at 0.
n z - n~- k-,1..,- sk sa ,1z

The resulting maximum variance is

- 2k+(nz-k) -2
-z

n

Thus for (t lt 21...,tn C [A,B], the maximum variance configuration for a fired

t, such that

0e
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k t-A k+l1n_ "W.--A -n.

is given by k ti's at B, 1 ti at n(t-A) - k(B-A) + A, and n-(k+l) tiIs at A.

The maximum variance is

(B-A) 2[rk+(n-r-k) 2 -2]
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Unclassified report

DESCRIPTORS: Statistical Distribution.
Statistical Functions.

Develops a method for obtaining
confidence bands in polynomial
regression when the observations UNCLASSIFIED

are independently distributed with UNCLASSIFIED
constant but unknown variance.
Reports that the bands may be
obtained over arbitrary sets of the
independent variable with exact
preassigned confidezt coefficients.
Also reports that difficult
distribution problems result when
specific applications are attempted.
Discusses first degree polynomials
since some progress has been made here.
Provides a table that obtains a constant
width confidence band which contains the
true but unknown straight regression
line for values of the independent
variable in some arbitrarily selected
interval with an exact preassigned
confident coefficient. Compares the
present method with the classical
hyperbolic band for the whole regression
line. UNCLASSIFIED


